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91. INTRODUCTION 
IN [7] Seifert presents a method for constructing a knot in the three-sphere S3, by imbed- 
ding a surface (with a single boundary component) in S” with prescribed self-linking charac- 
teristics. This technique was used to characterize the Alexander polynomial of a knot, 
in an algebraic manner. 
But the Alexander polynomial is only the first of a sequence of polynomials which 
arise as knot invariants, and it is natural to consider the problem of characterizing them 
algebraically. Seifert’s construction does not seem delicate enough to carry out this task.f 
It is the aim of this note to present a new technique for constructing knots, also based on a 
prescription of linking information, which can resolve the problem. 
The techniques to be presented here generalize to give similar characterizations of 
suitably defined invariants of higher-dimensional knots. This entire subject will be dealt 
with in a future paper; also see [4, Part II]. 
$2. THE ALEXANDER POLYNOMIALS 
We will deal with tame knots in S”: for example, a smoothly imbedded circle is tame 
(see [2, p. 1491). If k is a tame knot, the complement of k is the space S3 - k; the funda- 
mental group x of the complement of k will be referred to as the group qf the knot k and, 
more generally, as a knot group. 
Let A denote the group ring of the integers; we represent the elements of A as poly- 
nomials, with integral coefficients, in integral powers of a ‘variable’ t, corresponding to a 
generator of the integers. The units of A are elements of the form + t” for any integer n. 
Two elements of A are associnte, or in the same associate class, if they differ by a unit 
multiple. 
Given a knot k with group rc, one can define a sequence of elements A,, A,, . . . of A. 
determined up to associate class, which are invariants of II, referred to as the Alexander 
polynomials of k or rr, and satisfy: 
TThis research partially supported by NSF Grant GP-2497. 
$On the contrary, Hale Trotter has used Seiferts’ technique to give an alternative proof of the theorem 
in $3. 
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(a) For some integer n, Ai is a unit for i > n, 
(b) Ai(l) = ?I, 
(c) Ai = t2“Ai(t-I), for some integer a, and 
(d) Ai+r IAi. 
Definitions and verifications of these properties may be found in 121. 
Let us consider an alternative approach. Let X be the complement of a knot with rr) 
as its group, and 2 the universal abelian covering of X. Since H,(X) is infinite cyclic, so 
is the group of covering transformations of r?. Thus H,(z) is a A-module. Note that 
H,(z), as a A-module, is isomorphic to the abelianized commutator subgroup x’/Tc”, as a 
A-module, as described in [l, p. 3531 or [6, p. 341. 
Now it is pointed out in [l, p. 3531 that the {Ai} can be defined as follows. Since 
HI(T) is a finitely-generated A-module, let A be a relation matrix for H,(.?) with n columns 
(see [l, p. 3491). Then Ai is defined as a greatest common divisor of the (n - i) x (n - i 
minors of A; we refer to Ai as the i-th elementary divisor of HI(z). 
Consider the new ring I7 = A @z Q, a principal ideal domain. Then H,(w; Q) z 
HI@) Oz Q is a r-module and, it is easy to see (16, p. 40]), A,-considered as an element 
of T-is the i-th elementary divisor of H,(r?; Q). Now, it is a consequence of the structure 
theorem for finitely-generated modules over principal ideal domains that H,(8; Q) has a 
diagonal relation matrix. Furthermore, if A,, A,, . . . are its diagonal entries, then ii+, ]li. 
As a consequence of this, an i-th elementary divisor of H,(r?; Q) is the product ~i+l~i+2 . . . 
which is, therefore, associate to Ai in r. NOW, the condition ~i+l lli is obviously equivalen, 




as elements of I?. But, using (b), we check readily that (e) also holds in A. 
$3. STATEMENT OF THEOREM 
The main result of this paper will be the following characterization of the Alexander 
polynomials. 
THEOREM. Any sequence of elements A,, A, . . . of A, satisfying (a)-(e), are the Alexander 
polynomials of a smooth knot. 
By property (d), we may define a new sequence A,, &, . . . of elements of A, by the 
formula A,_, = AiAi. Since Ai may be varied within its associate class, so may li. This 
fact, together with the properties (a), (b), ( c , and (e) of the {A,}, imply that we may assume ) 
the following properties of the {di} : 
(1) For some integer n, ai = 1 for i > n, 
C2) ni(1) = l, 
(3) n,(t) = ni(t-l), and 
(4) li+l Vi* 
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If ,I E A, denote by M(I) the A-module with a single generator of order 1. Let M be 
the A-module defined as the direct sum: 
M = c M(&) 
i=l 
By property (1) M is finitely-generated and has a diagonal relation matrix with entries 
{Ai}. From property (4), we may deduce, as in an argument in $1, that the i-th elementary 
divisor of M is the product ,Ii+r,Ii+* . . ., which is precisely Ai. Thus our problem reduces 
to finding a smooth knot k with complement X such that H,(g) is isomorphic to M, as a 
A-module. 
Recall the concept of composition of knots-[3, p. 1391. If k,, k, are knots, with com- 
plements XI, X,, and k is the composition of k, and kz, with complement X, it is a straight- 
forward matter to check that HI@) is isomorphic to the direct sum of H,(r?,) and HI@,), 
as A-modules (e.g. see the discussion in [6, p.761). From this fact it follows that our prob- 
lem reduces to finding a smooth knot with complement Xi such that Hr(xi) is isomorphic 
to M(lJ, for each i. 
Summarizing, we must prove the following: 
Given /z E A satisfying properties (2) and (3) construct a smooth knot k, with complement 
X, such that HI(g) is isomorphic to M(A), as a A-module. 
$4. CONSTRUCTION OF A KNOT 
Let us write: 
A = i a$, s a positive integer; 
i=-s 
then properties (2) and (3) say that 2 ai = 1 and ai = a-i (i = 1, . . . s). 
i= -s 
Briefly the construction of the desired knot will be carried out as follows. We place 
two knots, k and k’, in S3, each unknotted, but linking in a manner prescribed by the 
integers {ai}. Then a spherical modification [5, p. 5131 is performed on S3, using a tubular 
neighborhood of k’. With care in the coordinatization of this tubular neighborhood, we 
can insure that the new manifold c is again homeomorphic to S3. The desired knot will 
be k, considered as a knot in x. 
Let k be any trivial (i.e. unknotted) loop in S3, with complement Y; let d be an 
oriented disk in S3, bounded by k. Of course, we may chose k smooth. We now construct 
a smooth oriented knot k’ in S3, disjoint from k. 
Let ko, k,, . . . k, be s + 1 smooth oriented trivial loops in S3, disjoint from each other 
and from d, and with linking coefficients 18, p. 2771 as follows: 
Z(k,, ki) = ai for i = 1, 2, . . . s 
Z(ki, k,)=O fori,j#O,i#j. 
Recall that linking coefficients of l-cycles in 3-manifolds are symmetric [8, p. 2781. 
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We now define k’ by connecting up the {ki} in the following manner. On each ki 
choose distinct points ai and bi. Let Ai be a smooth oriented arc in Y, beginning at b,_, 
and ending at ai, but otherwise disjoint from the {kj}, 1 I i I s. Also, the {AJ should be 
mutually disjoint. 
The next step is to thicken Ai to a ‘ribbon’ Ri, which we identify with I x Ai, meeting 
ki_l along I x bi_l and ki along 1 x ai, but otherwise disjoint from the (kj}; furthermore, 
the (Ri} should be mutually disjoint. We can now define the knot k’ by 
- i)(intZ) x Ai 
i=l 
It is not hard to see that k’ is a knot, disjoint from k. We can orient k’ consistently with 
the {ki) if we make the additional assumption that the orientations of k,_, and ki induce 
the same orientation of dRi. We refer to the oriented knot k’ as a connected SW~I 
ko # k, # . . . # k, along the arcs {Ai). This connected sum is, in no sense, unique, since 
we can introduce extra twists into the ribbons { Ri}. 
For our purposes, two additional restrictions are imposed on the construction of k’. 
First, we ask that the arcs (Ai} each pass once around k in the sense that Ai should intersect 
dtransversely at a single point with positive orientation. Second, we wish k’ to be unknotted 
in S3 ; this can be achieved by correctly twisting the Ri. The general construction of k’ 
is indicated in Fig. 1; a careful examination will make it clear that all our restrictions on 
k’ may be achieved. The special case I = tZ - t + 1 - t-’ + t-’ is pictured in Fig. 2. 
k 
FIG. 1. FIG. 2. 
Notice that k’ is smooth, except for angles at the points 82 x 8A i ; these may be rounded 
so that k’ is completely smooth. It is well known that the normal bundle of a knot is trivial; 
so there exists a normal unit vector field u on k’. If k” is the knot obtained by translating k’ 
a fixed small distance along u, we would like the linking coefficient l(k’, k”) = 1. But we 
may introduce extra twists into u, each of which changes l(k’, k”) by + 1, depending upon 
the direction of the twist. Thus l(k’, k”) may be prescribed arbitrarily. 
If IJ’ is another unit normal field on k’, orthogonal to L’, then the pair of fields (u, u’) 
determines, by the tubular neighborhood theorem, an orientation-preserving imbedding: 
cp:S’x D2+ Y . 
unique up to isotopy class, such that ‘p(S’ x 0) = k’, dq(u,) = o and dq(v,) = +v’; 
vi, v2 are the unit normal vector fields to S’ x 0 in S’ x D2 tangent to the first and second 
coordinate axes in D2. We may take k” = ‘p(S’ x q), where q = (1,0) in D2. 
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Define a new manifold T by removing the interior of &S’ x 02) from S3; then 
‘p]S’ x S’ is a diffeomorphism onto O’T. Let 1 be defined from T by adjoining to dK 
using ‘p]S’ x S’, the manifold D2 x S’. We will consider k as a knot in x:; let X be the 
complement C - k. The following two facts will clearly imply the Theorem: 
(i) c is diffeomorphic to S3, 
(ii) HI(x) is isomorphic to M(I), as a A-module. 
65. VERIFICATION OF (i) AND (ii) 
Proof of(i). Let us consider S3 as the union of S’ x 0’ and 0’ x S’, attached by 
the identity map S’ x S’ -+ S’ x S’. Since k’ is unknotted in S3, we may assume that 
k’ = S’ x 0. Furthermore, it follows from the tubular neighborhood theorem that cp may 
be taken as a diffeomorphism onto S’ x D2 of the form: 
cp(.% v) = (MY, V,(Y)) 
where the map x -+ q, is a map S’ --) R (R is the group of rotations of R’). But, con- 
sidering R2 as the complex plane, every map A” -+ R is homotopic to one of the form: 
x + multiplication by X” 
for some fixed integer n (see e.g. [9, p. 1151). So we may assume : 
cp(x, y) = (x, x”y), for some integer n. 
But now k” = cp(S’ x 4) is the torus knot of type (1, rt), and, clearly, the linking number 
l(k’, k”) = n; so n = 1. 
From the above discussion, we may describe C as the union of two copies of Dz x S’ 
by the attaching diffeomorphism rp1.S’ x S’. It is clear that a diffeomorphism between S3 
and c can be constructed from two diffeomorphisms: 
h, : S’ x D2 -+ D2 x S’ 
h, : D2 x S’ -+ 0’ x S’ 
satisfying cp 0 h,lS’ x S’ = h,lS’ x S’. For example, define h,, h, by the formulae: 
h,(x, y) = (ZJ~, x), 
hz(x, v) = (-G, Y), 
where % is the complex conjugate of x. 
Proof of (ii). Let ? be the universal cover of Y; then y is contractible. The com- 
plement C of d in S3 lifts to an infinite sequence {C,}, - KI < i < co, of copies of C in P; 
we may assume they are numbered so that Ci is separated from Ci+l by a lift, di, of the 
interior of d, and BC, = di - di_l. Orientations are determined by the orientations of 
S3 and d. For every pair of integers i, m, where 0 5 i I s and - cc < m < ;jo, let ki,, 
be the lift of ki lying in C,,,. It is obvious that the ki,,,, are mutually disjoint and have linking 
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coefficients as follows : 
ai ifm=n,j=O, 
l(ki,,, k,,J = aj if m = n, i = 0, 
0 otherwise. 
Linking coefficients are well-defined in x because it is a contractible manifold. 
By the definition of the arc Ai, it lifts to a sequence {Ai+}, -co < m < CO, of arcs, 
where Ai,, joins ki-l,m-1 to ki,,. Thus k’ lifts to a sequence {k”) of knots, where k” is a 
connected sum : 
km = k,,, =I b,,+l # . . . k,,+,, 
along the arcs {Ai,,+i}, 1 _ -C i < s. It follows easily that the linking coefficients of the k” _ 
are given by the formula: 
l(km, k”) = C l(ki,,+i, kj,n+j) = am-n’ m ’ n’ 
i,i ( a,-,, n > m. 
Since ai = a_ i, i = 1, . . . s, we have &km, k”) = a,,-,,,. The special case 1 = t2 - t + 
1 - t-l + tm2 is pictured in Fig. 3. 
FIG. 3. 
Let vnr : S’ x 0’ --t ? be the lift of cp whose image is a tubular neighborhood of 
k”, - 03 < m < 03. We may obtain 8 from 9 by removing the interiors of the submani- 
folds pm(S’ x D2) from y, to obtain a submanifold F of y, and adjoining to each com- 
ponent of @ a copy of D2 x S’ by means of the maps ~~~1s’ x S’. With this description 
of 8 we may calculate H1(r?) in a manner analogous to the approach of [5, $51. 
Since Fis invariant under the covering translations of 7, HI(F) is a A-module. As such, 
it is free on a single generator c(, represented e.g. by (P&J x S’), p E S1. This follows from 
the exact sequence of A-modules: 
o=H,(P)~H,(~,;)-,H,(~)-,H,(P)=o 
and the fact that, by excision, H2( ?, C?) is the free A-module on a generator epresented 
by ~DO(P x D’). 
Now consider the exact sequence: 
Hz@, P) 5 Hr(Q + H,(X) -+ H,(X, F). 
By excision H,(x, p) = 0, and Hz@‘, T) is the free A-module on a generator epresented 
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by that copy of Dz x q whose boundary is (p,,(S’ x q), where q = (1,0) as in $4. It follows 
that the image of A is the submodule of H,(F) generated by the element /3 represented by 
‘pO(S’ x q). It only remains to prove that /I = Lea. 
The linking coefficient of any loop in F with any k” is well-defined and clearly depends 
only on the homology class in i?. So we speak of the linking coefficient Z(y, k”), for y E H,(F)?; 
it is clearly linear in y. 
Now it is obvious that Z(cc, k”) = + 1, but I(&, k”) = 0, for m # 0. If t is that generator 
of the group of covering translations which maps k”’ + km+‘, then Z(t%, k”) = + 1, but 
Z(tm~, k”) = 0 if m # n. If p E A, 1( = 2 citi, it follows by linearity that: 
I 
&l-Lx, k”) = c,. 
Since HI(F) is free on the generator c(, /3 = POE, for some p E A, p = c citi, and, 
therefore, c, = I@, k”). But p is represented by a slight translate of k”. Therefore, if 
m # 0, 
c, = Z(p, k”) = Z(k’, k”) = a,,,. 
It remains to prove co = a, or, equivalently, ~(1) = 1(l). Consider the projection 
P+ Y; k” projects onto k’ while ‘po(S’ x q), a representative of /I, projects onto k”. 
In such a situation, the linking coefficients in P are related to those in Y by the formula: 
Z(k”, k’) = 1 Z(cp,(S’ x q), k”) 
But we have chosen k” so that Z(k”, k’) = lm= A(l), while Z(qoo(S’ x q), k”) = Z(p, k”) = c,. 
Thus : 
J(l) = c c, = P(l), 
m 
which completes the proof of (ii), and, therefore, the Theorem. 
$6. FINAL REMARKS 
The results of this paper give an algebraic characterization of those r-modules which 
may arise from the construction (x’/x”) Oz Q, where 7c is a knot group. From this view- 
point it may be regarded as a small step toward the characterization of knot groups n, or, 
less ambitiously, x/n”. 
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